In 1964, John Stallings established an important relationship between the lowdimensional homology of a group and its lower central series. We establish a similar relationship between the low-dimensional homology of a group and its derived series. We also define a torsion-free-solvable completion of a group that is analogous to the Malcev completion, with the role of the lower central series replaced by the derived series. We prove that the torsion-free-solvable completion is invariant under rational homology equivalence.
Introduction
John Stallings, in his landmark paper [25] , established the following relationships between the low-dimensional homology of a group and its lower central series. Recall that, for any ordinal α, the α th term of the lower central series of G, denoted G α , is inductively defined by G 1 = G, G α+1 = [G α , G] and, if α is a limit ordinal, G α = β<α G β . Stallings also defines what we shall call the rational lower central series, G r α , which differs only in that G r α+1 consists of all those elements some finite power of which lies in [G r α , G]. It is the most rapidly descending central series whose successive quotients are torsion free abelian groups. These theorems have proven to be quite useful in topology. For example if A = π 1 (S 3 \L) where L is a link of circles in S 3 , Stallings showed that the isomorphism type of each of the quotients A/A n is an invariant of link concordance (even of I -equivalence). The concordance invariance of Milnor's µ-invariants was established by this means [3] . Stallings' theorems also give a criterion for establishing that a collection of elements of a group generates a free subgroup.
Attempts have been made, most notably by Ralph Strebel [27] , to find a similar relationship between homology and the derived series of groups, with limited success. We will use the work of Strebel in a crucial way. Recall that the α th term of the derived series, G (α) , is defined by
) ] and, if α is a limit ordinal, G (α) = β<α G (β) . The derived series has recently appeared prominently in joint work of the first author, Kent Orr and Peter Teichner [6] [7] [8] [28] where it was used to define new invariants for classical knot concordance, and in work by other authors [15] [16] . It was was also used to define higher-order Alexander invariants for knots [5] , and 3-manifolds [12] , and to define invariants for link concordance and rational homology cobordism of manifolds [11] . It has also appeared recently in connection with questions about the virtual first Betti number of 3-manifolds [24] and in the study of complements of hyperplane arrangements [21] .
We show that there is a strong relationship between the low-dimensional homology of a group and its derived series. For example, we have the following strict analogue of Stallings' Rational Theorem in the case A is a free group.
Corollary 4.5 Let F be a free group and B be a finitely related group (has a presentation with a finite number of relations)
. Let φ : F → B be a homomorphism that induces a monomorphism on H 1 (−; Q) and an epimorphism on H 2 (−; Q). Then, for all α ≤ ω , φ induces an embedding F/F (α) ⊂ B/B (α) .
The following examples show that several obvious generalizations of Corollary 4.5 are false. Let K be any knot in S 3 , A = π 1 (S 3 \K) and B = Z. Then the abelianization map yields a homomorphism φ : A → A/[A, A] ∼ = Z = B . Then φ induces an isomorphism on all integral homology groups (since, by Alexander Duality, S 3 \K has the homology of a circle) and B (n) = {e} for any n ≥ 1; whereas A/A (n) is known to be very large as long as the Alexander polynomial of K is not 1 [5, Corollary 4.8] . Thus φ cannot induce monomorphisms in general as in Corollary 4.5. Moreover, swapping the roles of A and B and choosing a map Z → A inducing an isomorphism on H 1 (−; Z) gives a homomorphism that again induces isomorphisms on all integral homology groups and yet induces the map Z → A/A (n) for each n, this being far from surjective. Thus a direct analogue of Stallings' theorem might seem hopeless.
However the second author, in a search for new invariants of link concordance, introduced a new characteristic series, G
(n)
H , associated to the derived series, called the torsion-free derived series (see [11, Section 2] ). Although this series is not fully invariant, we show that it is functorial when morphisms are restricted to those that induce a monomorphism on H 1 (−; Q) and an epimorphism on H 1 (−; Q). Using this we are able show the following analogue of Stallings' Rational Theorem. Theorem 4.1 Let A be finitely-generated and B finitely related (has a presentation with a finite number of relations). Let φ : A → B be a homomorphism that induces a monomorphism on H 1 (−; Q) and an epimorphism on Note that, by Stallings' Integral Theorem, the (pro-)nilpotent completion of a group G, lim ← − (G/G n ) is an invariant of integral homology equivalence. But neither the nilpotent completion nor its torsion-free version lim ← − (G/G r n ) is invariant under rational homology equivalence (for example the rational homology equivalence Z → Z where t → t 2 does not induce an isomorphism on these completions). However there does exist a further completion, the Malcev completion of G, which is invariant under rational homology equivalence (a consequence of the last part of Stallings' Rational Theorem). Turning to the derived series, the examples above show that neither the pro-solvable completion,
H ) (see Section 2) is invariant under rational (or even integral) homology equivalence. However, early versions of [11] suggested another functor on groups, G → G, that we call the torsion-free-solvable completion of G. This is properly viewed as an analogue of the Malcev completion of G, with the lower central series being replaced by the torsion-free derived series G (n)
H . Here we rigorously construct G → G, whose kernel is G
(ω)
H , and show that it is a rational homological localization functor, that is we show: Theorem 5.1 Suppose A is finitely generated and B is finitely related. Suppose φ : A → B induces an isomorphism on H 1 (−; Q) and an epimorphism on
We also give the precise relationship between the torsion-free-solvable completion and the universal (integral) homological localization functor due to J Levine and P Vogel, and indicate the relation (by analogy) between the torsionfree-solvable completion and the Malcev completion. If G is a group then G/G (1) is an abelian group but may have Z-torsion. If one would like to avoid this Z-torsion then, in direct analogy to the rational lower-central series above, one can define G (1) r = {x | ∃k = 0 x k ∈ G (1) }, slightly larger than G (1) , so that G/G (1) r is Z-torsion-free. Proceeding in this way, defining G r ], leads to what has been called the rational derived series of G [12, 5, 8] . This is the most rapidly descending series for which the quotients of successive terms are Z-torsion-free abelian groups. In [11] Harvey observes that if a subgroup G
H ] is not only an abelian group but also a right module over Z[G/G 
has been defined and is normal in G. Let T n be the subset of
H ]-torsion elements, ie, the elements [x] for which there exists some non-zero
H ] is an Ore Domain, T n is a submodule). Now consider the epimorphism of groups:
H ] torsion-free module [26, Lemma 3.4] . Hence the successive quotients of the torsion-free derived subgroups are torsion-free modules over the appropriate rings. We define G
H ] is not in general an Ore Domain. We do not address this here.
Most of the following elementary properties of the torsion-free derived series were established in [11] . We repeat the proofs for the convenience of the reader.
H is a poly-(torsion-free abelian) group (hereafter abbreviated PTFA), and consequently
Recall that a poly-(torsion-free abelian) group is one with a finite subnormal series whose successive quotients are torsion-free abelian groups. Such a group is solvable, torsion free and locally indicable [27 H ] has a well-defined rank which is defined to be the rank of the vector space [9, page 48] . Alternatively the rank can be defined to be the maximal integer m such that M contains a submodule isomorphic to (Z[G/G
is a normal subgroup of G.
Proof of Proposition 2.2
The proof is by induction on n. We assume
H and, by definition of the module structure on
, we need to show that π n (x)g is torsion. Hence the normality of G (n+1) H will follow from showing that the torsion subgroup T n is a submodule. But the set of torsion elements of any module over an Ore domain is known to be a submodule [26, page 57] . Thus the desired result follows from Proposition 2.1.
The torsion-free derived subgroups are characteristic subgroups, but are not fully invariant, that is an arbitrary homomorphism of groups φ : 2) . However, the following observation is used in our main theorem to show (inductively) that if φ : A → B induces a monomorphism on H 1 (−; Q) and an epimorphism on H 2 (−; Q), and if A is finitely generated and B finitely related, then φ does send A
H . It follows that the torsion-free derived series is functorial in this restricted category.
and hence φ induces a homomorphism φ :
Proof of Proposition 2.3 Note that the hypothesis implies that φ induces a ring monomorphismφ :
H ] such that (π A (x))γ = 0. It is easy to check thatφ is a homomorphism of right Z[A/A (n) H ]-modules using the module structure induced on B (n)
For some groups, such as free groups and free-solvable groups F/F (k) , the derived series and the torsion-free derived series coincide. 
Proof of Proposition 2.4 By definition, G (0)
H ] is a torsion-free module and so
It is well known that
]-torsion-free module. This can be seen by examining the free Z[F/F (n) ] cellular chain complex for the covering space of a wedge of circles corresponding to the subgroup F (n) . The module
is merely the first homology of this chain complex. Since the chain complex can be chosen to have no 2-cells, its first homology is a submodule of a free module and thus is torsion-free. Hence the derived series and the torsionfree derived series of a free group agree. The same is true for any free-solvable group F/F (k) .
The following basic result is useful.
Proposition 2.5 If φ : A → B is surjective and ker
φ ⊂ A (m) H then φ induces isomorphisms A/A (n) H ∼ = B/B (n) H for all n ≤ m. In particular, (G/G (n) H ) (n) H = 0.
Proof of Proposition 2.5 By induction we assume φ induces isomorphisms
there is an a ∈ A such that φ(a) = b and, by the inductive hypothesis, we must have a ∈ A (n)
H ], a fact we use below. Moreover, by Proposition 2.3, H . Refer to the commutative diagram below.
is a torsion element and so there exists a non-zero
H ] such that (π B (b))γ = 0. We seek to express this entirely in terms of B itself. Lift γ to ZB and express it as k i η i where k i ∈ Z and η i ∈ B . The condition that (π B (b))γ = 0 translates to the condition (η
is in the kernel of φ and hence by hypothesis lies in A
H ] which is non-zero since φ(β) = γ is non-zero. Note that π A (a)β is represented by (α
and hence that the image of π A (a) is torsion in this module. But the successive quotients of terms in the torsion-free derived series are torsion-free modules as remarked earlier, so π A (a) = 0 in this module. Therefore a ∈ A (n+1) H , completing the proof of injectivity.
We give some elementary examples of the torsion-free derived series.
Example 2.6 Elements of finite order in a group G are contained in every term of the rational derived series and hence every term of the torsion-free derived series. Therefore the torsion-free derived series of a finite group stabilizes at
is a torsion-free group that is trivial if G is finite. More generally, if β 1 (G) = 0, that is if H 1 (G; Q) = 0, then the torsion-free derived series, like the rational derived series, stabilizes at n = 0.
Example 2.7
If G is nilpotent with β 1 (G) > 0 then the terms of the torsionfree derived series are much larger than the terms of the rational derived series. In this case the torsion-free derived series stabilizes at n = 1. For suppose x ∈ G is an arbitrary element of G (n) H for some n ≥ 1 and t ∈ G is non-zero
H . We will show that x ∈ G (n+1) H . Since G is nilpotent, for some k
where F is a non-abelian free group, then by Proposition 2.4 and Proposition 2.5,
for all m ≤ n and G (n) = 0. Thus the torsion-free derived series stabilizes at precisely n.
Example 2.9 If β 1 (G) = 1, for example if G is the fundamental group of the exterior of a knotted circle in S 3 , then the torsion-free derived series stabilizes at n = 1 because the classical Alexander module,
H ] can be seen to be a torsion module over
H . Alternatively, note that the epimorphism G → Z induces an isomorphism on H 1 (−; Q) and an epimorphism on H 2 (−; Q) and so, by Theorem 4.1, it induces isomorphisms G/G
Example 2.10 Generalizing Example 2.9, if G is any group whose classical Alexander module G
H ] has rank zero (over the multivariable Laurent polynomial ring Z[t ±1 1 , ..., t ±1 m ]) then the torsion-free derived series stabilizes at n ≤ 1. The fundamental group of any 3-manifold that fibers over a circle has this property [12, Proposition 8.4] . By contrast, the derived series of the fundamental group of a knot exterior does not stabilize for any finite n unless the Alexander polynomial is 1 [5, Corollary 4.8] . More generally, if the rank of one of the higher-order modules
, is zero then the torsion-free derived series stabilizes at the minimum value of n for which this holds.
Example 2.11 For groups with β 1 (G) ≥ 2, a wide variety of behavior is possible. For example, as previously mentioned, the torsion-free derived series of a non-abelian free group, F , agrees with the derived series and is known to be highly non-trivial, stabilizing at ω (in fact F (ω) H = 0). There are many nonfree groups where the torsion-free derived series does not stabilize at a finite ordinal. Recall that a link {L i } of m circles in S 3 is called a boundary link if there is a collection of m compact oriented surfaces
then the meridional map F → G has a right inverse G → F (use the Pontryagin construction to get a map from S 3 − L to a wedge of circles). The latter epimorphism induces an isomorphism on H 1 (−; Z) and an epimorphism H 2 (−; Z) and so, by Theorem 4.1, for n ≤ ω ,
Since for a boundary link it is known that G ω /[G ω , G ω ] is a torsion module, the torsion-free derived series stabilizes at ω . However, suppose G is the fundamental group of a 2-complex X with H 1 (X; Z) ∼ = Z m and H 2 (X; Z) = 0. Then there is a map F → G inducing isomorphisms on
H . However generally this is not surjective and
is generally not even abstractly isomorphic to F (n) /F (n+1) (see Remark 4.6). In these cases it is not in general known if the torsion-free derived series stabilizes at ω .
It will be important for our main theorem that the reader understand the connection between the torsion-free derived series and group homology. This is provided by the following basic observations.
H ], Z) and the easy observation that the latter is T or
is thought of as the first homology with twisted coefficients of an aspherical space K(A, 1) where π 1 (K(A, 1)) ∼ = A and the coefficient system is induced by
H ]) can be interpreted as the first homology module of the covering space of K(A,1) corresponding to the subgroup A Proposition 2.13
is the kernel of the composition:
Proof Property 1) follows directly from Remark 2.12 and the definition of A 
Topological applications
Our theorems, like those of Stallings, have applications to the study of rational homology equivalences of topological spaces and to the study of links in particular. We also give an application to when a set of elements of a group generates a free subgroup (similar to that of Stallings). Deeper secondary applications will appear in [11] . 
is a monomorphism between modules of the same rank (over
Proof The theorem follows immediately from Theorem 4.1 once we make the well-known observation that since f induces an epimorphism H 2 (X; Q) → H 2 (Y ; Q), it induces an epimorphism H 2 (A; Q) → H 2 (B; Q). Proof By Alexander Duality the exterior S n × [0, 1] − W is a homology cobordism (or, in the case of I -equivalence, just a homology product) between the exteriors of L 0 and L 1 and so Theorem 3.1 applies.
As above, Harvey uses Corollary 3.3 to give other new results in link concordance [11] . For example, note that the ranks of the above modules are new concordance invariants of links, generalizing the well-known fact that the rank of the Alexander module of a link is an invariant of concordance. It was this particular application that first motivated Harvey's definition of the torsion-free derived series. The above-mentioned Cheeger-Gromov invariants are used in [11] to show that the concordance group of disk links in any odd dimension has infinite rank even modulo local knotting.
Stallings theorem also gives a beautiful criterion to establish that a set of elements of a group generates a free subgroup. We have our own version, although we do not know an example where it is stronger than Stallings result and there are examples where it is weaker. Proof Following Stallings, let F be a free group of rank k equipped with the obvious map into G determined by the x i . Then apply Corollary 4.5. The result then follows easily since for the free group
Proof of the Main Theorem
In this section we prove our main result, Theorem 4.1, which is a direct analogue, for the torsion-free derived series, of Stallings' Rational Theorem for the rational lower central series. H is merely H 1 (A; Z)/{Z-Torsion} and the hypothesis that φ induces a monomorphism on H 1 (−; Q) implies that it also induces a monomorphism on H 1 (−; Z) modulo torsion. Now assume that the first claim holds for n, ie, φ induces a monomorphism A/A (n)
H . We will prove that it holds for n + 1.
It follows from Proposition 2.3 that φ(A
. Hence the diagram below exists and is commutative. In light of the Five Lemma, we see that it suffices to show that φ induces a monomorphism A (n) by B n . The inductive hypothesis is that φ induces a monomorphism A n → B n and hence a ring monomorphism ZA n → ZB n . Since A n and B n are PTFA groups by Proposition 2.1, the rings ZA n and ZB n are right Ore domains and so admit classical right rings of quotients K(A n ) and K(B n ), respectively. Hence φ induces a monomorphism K(A n ) → K(B n ), which endows K(B n ) with the structure of a
were not injective. By examining the diagram below, we see that there exists an a ∈ A
H ]
Now consider the following commutative diagram where the horizontal equivalences follow from Remark 2.12.
We assert (and shall establish below) that the kernel of the vertical composition 
is injective. The injectivity at the first infinite ordinal follows immediately, finishing the inductive step of the proof of the first part of Theorem 4.1, modulo our assertion. Now we set out to establish that the kernel of ψ is the ZA n -torsion submodule of
The kernel of i is precisely this submodule since tensoring with the quotient field kills precisely the torsion submodule. Therefore it suffices to show that the other two maps in the composition are injective.
First note that id ⊗φ is injective by an application of the following Lemma 4.2. 
is a monomorphism (of right KH -modules). Moreover, the KH -rank of the domain of this map equals the KG-rank of the range.
Proof of Lemma 4.2 Since KH is a ZH − KH bimodule, M ⊗ ZH KH is a right KH -module. Since any KH -module is free [26, Proposition I.2.3] , there is some index set I such that ψ : M ⊗ ZH KH ∼ = ⊕ I KH as right KH -modules. Thus the KH -rank of the domain of id ⊗ i is the cardinality of I . Hence
is an isomorphism of right KG-modules, and hence of right KH -modules. Since the domain of ψ ⊗ id is isomorphic to M ⊗ ZH KG, we can use ψ and ψ ⊗ id to see that the first part of the Lemma is equivalent to showing that ⊕ I KH −→ (⊕ I KH) ⊗ KH KG is a monomorphism. But, after identifying the latter with ⊕ I KG, this map is just the inclusion KH ⊂ KG on each coordinate and is thus injective. Moreover this shows that the KG-rank of M ⊗ ZH KG is also equal to the cardinality of I .
Finally, returning to the proof of our assertion, we claim that the map, φ ⊗ id, shown on the right hand side of the diagram above, is also injective. This will follow immediately from Proposition 4.3 below (setting Γ = B n ), once we identify the domain of φ⊗id with H 1 (A; KB n ) and its range with H 1 (B; KB n ). The latter is immediate since we have previously observed that KB n is a flat ZB n -module. For the former, note that, since any module over a division ring is free, KB n is a free, and hence flat, KA n module. Moreover KA n is a flat ZA n -module. Hence H 1 (A; KB n ) ∼ = H 1 (A; ZA n ) ⊗ ZAn KB n . This completes the proof of the first claim of Theorem 4.1, modulo the proof of Proposition 4.3.
The following proposition is an important result in its own right. In the case that φ : A → B induces an isomorphism on H 1 (−; Q), this result was proved in [6, Proposition 2.10]. The more general result below seems to require a different proof. Here, by KΓ we mean the right ring of fractions of the Ore domain ZΓ. Recall that any homomorphism ψ : B → Γ endows ZΓ and KΓ with left ZBmodule structures. We call such a ψ a coefficient system on B . If φ : A → B then KΓ acquires a left ZA-module structure via ψ • φ. Before proving Proposition 4.3, we finish the proof of the rest of the parts of our main theorem.
Note that the finiteness assumptions on A and B are used only in the application of Proposition 4.3. Thus, if the pair of Eilenberg-Maclane Spaces (K(B, 1), K(A, 1) ) has the homotopy type of a relative 2-complex, then we do not need these finiteness assumptions to deduce the first part of the theorem. Now, assume that φ induces an isomorphism on H 1 (−; Q). We must show that
is a monomorphism between modules of the same rank. The fact that this is a monomorphism follows from the first part of the theorem. Since A (n)
H ] differ only by ZA ntorsion, they have the same rank, r A , as ZA n -modules. For the same reason,
H ] ⊗ ZAn K(B n ) are isomorphic. By Lemma 4.2, the former has K(B n )-rank equal to r A and hence so does the latter, which we have identified with H 1 (A; K(B n )). If φ induces an isomorphism on H 1 (−; Q) then note that B must be finitely generated. Hence Proposition 4.3 applies to show that H 1 (A; K(B n )) ∼ = H 1 (B; K(B n )). Thus the latter has K(B n )-rank equal to r A . But by applying the same reasoning as above, we see that it has K(B n )-rank equal to r B , the ZB n -rank of B (n)
If φ is also onto then it induces epimorphisms on all the quotients by the terms of the torsion-free derived series. This combined with the first part of the theorem implies that it induces isomorphisms on all these quotients for n ≤ ω . Note also that since this argument does not use the argument of the preceding paragraph, it holds without the finiteness assumptions on A and B if (B,A) is 2-dimensional in the sense described.
This concludes the proof of our main theorem, modulo the proof of Proposition 4.3.
Proof of Proposition 4.3 We need the following extension of a result of Ralph Strebel. 
In [27, page 305], Strebel shows that, under the hypotheses of Lemma 4.4, if f is injective thenf is injective. There he shows that the class, D(Z), of groups Γ for which this property is satisfied includes torsion-free abelian groups and is closed under various natural operations such as extensions. Consequently, any PTFA group is in this class. This class of groups was previously called conservative and was later shown by J Howie and H Schneebli to coincide with the class of locally indicable groups [14] . Our lemma shows, in the case that M is finitely generated, that more generally the rank of the kernel off is at most the rank of the kernel of f .
Proof of Lemma 4.4 By the rank of a homomorphism we shall mean the rank of its image. Suppose that rank Q f ≥ r ≤ ∞. Then there is a monomorphism g :
Consider the mapg : (ZΓ) r → N defined by sending the i th basis element tof (m i ). The augmentation ofg ,g ⊗ id, is the map
) and thus is seen to be identifiable with g . In particularg ⊗ id is a monomorphism, and thus by [27, page 305] (as mentioned above),g is a monomorphism. Since the image ofg lies in the image off ,g yields a monomorphism from (ZΓ) r into the image off , showing that the rank of imagef is at least r. Now we continue with the proof of Proposition 4.3. We can find connected CW-complexes X A , X B such that π 1 (X A ) ∼ = A and π 1 (X B ) ∼ = B and whose universal covers are contractible (classifying spaces for A, B ). We can find a cellular map h : X A → X B inducing φ on π 1 , and by replacing X B by the mapping cylinder of h, we may assume that h embeds X A as a subspace of X B . The finiteness hypotheses on A and B are designed to ensure that (by proper choice of the cell structure on X A , X B ) we may assume that the relative cellular chain group C 2 (X B , X A ) (respectively, C 2 (X B , X A ) and C 1 (X B , X A )) has finite rank. (Note that if φ induces an isomorphism on H 1 (−; Q) then B must be finitely presented). The coefficient systems ψ and ψ • φ induce covering spaces X B and X A equipped with induced Γ-actions (these principal Γ-bundles are connected covering spaces in case ψ and ψ • φ are surjective). We can lift the cell structure and consider the relative free ZΓ-chain complex C * ( X B , X A ) where C p ( X B , X A ) has ZΓ-rank equal to the Z-rank of C p (X B , X A ) and where the projection maps π p :
Moreover the projection map can be identified with the augmentation
we have that rank KΓ∂p ≥ rank Q ∂ p for p = 1, 2, 3. Since the hypotheses imply that H 2 (X B , X A ; Q) = 0 (respectively, in addition that H 1 (X B , X A ; Q) = 0) we see that rank Q H 2 (C * (X B , X A )) = 0 (respectively, in addition rank Q H 1 (C * (X B , X A )) = 0). We now claim that rank KΓ H 2 (C * ( X B , X A )) = 0 (respectively, in addition rank KΓ H 1 (C * ( X B , X A )) is 0). This follows since (letting c 2 < ∞ be the rank of C 2 ( X B , X A )):
A similar argument holds for H 1 when C 1 (X B , X A ) has finite rank. Hence H 2 ( X B , X A ) has zero rank (respectively, in addition H 1 ( X B , X A ) has zero rank). But the equivariant homology modules H p ( X B , X A ) are well known to be isomorphic to the homology with coefficients in ψ , H p (X B , X A ; ZΓ) [29, Theorems VI3.4 and 3.4*]. Moreover the homology of a group G is well known to be the same as that of its associated Eilenberg-Maclane space K(G, 1) [13, page 335]. Thus we have shown that H 2 (B, A; ZΓ) ⊗ KΓ = H 2 (B, A; KΓ) = 0 (respectively, in addition H 1 (B, A; KΓ) = 0) and consequently φ induces a monomorphism (respectively an isomorphism) φ : H 1 (A; KΓ) → H 1 (B; KΓ) as desired.
If we do not have the finiteness assumptions, but (X B , X A ) is a 2-complex, we can show that H 2 (B, A; QΓ) = 0 by a direct application of Strebel's Lemma. Specifically, the hypothesis that H 2 (B, A; Q) = 0 implies that the map ∂ 2 : C 2 (X B , X A ; Q) → C 1 (X B , X A ; Q) is injective. By Strebel's result,∂ 2 is injective and the claimed result follows. Hence, in this case even without the finiteness assumptions, we deduce that φ : H 1 (A; KΓ) → H 1 (B; KΓ) is injective. Proof of Corollary 4.5 Let F be a finitely generated free group. Thus, by
(n) . Then we only need comment on why it is not necessary to require that F be finitely generated. If it is not finitely generated, and if for some fixed n, the map F/F (n) −→ B/B (n) has a nontrivial element w in its kernel, then w is represented by a finite word which thus lies in a finite rank free subgroup G of F (free on the letters that appear in w). Then φ induces a map φ : G → B that is a monomorphism on H 1 (−; Q) and for which the induced map the map G/G (n) −→ B/B (n) has a nontrivial kernel, contradicting Theorem 4.1.
Remark 4.6
The first and second parts of Theorem 4.1 cannot be improved to have isomorphisms in the conclusion, even for integral homology equivalences.
For there exist finitely presented groups E and φ : F x, y → E inducing isomorphisms on all integral homology groups but where the induced map:
is not surjective. One such example is E = t, w, z | t = z 3 w 2 tw −1 z −3 and F = F t, z . Then
H is not even a projective module. Such groups arise commonly as the fundamental groups of the exteriors in B 4 of a set of ribbon disks for a ribbon link. Remark 4.8 The epimorphism part of the conclusion of Proposition 4.3 can fail if B is not finitely related using the same groups as above but with the roles reversed, φ : Z → A. The same example shows that the part of the conclusion of Theorem 4.1 about "having the same rank" can fail if B is not finitely related.
Homological completions and localizations
In this section we construct a rational homological localization functor, G → G, that we call the torsion-free-solvable completion. As we explain below, in the context of rational homological localization, this can be viewed as an analogue of the Malcev completion wherein one replaces the lower central series by the torsion-free derived series. The latter is quite a bit more complicated because whereas the lower-central series quotients G n /G n+1 are trivial modules (over G/G n ), their analogues G (n) /G (n+1) are not. We parallel A. Bousfield's discussion of the Malcev completion (also called Malcev localization) [1] and other homological localizations. At the end of the section we also compare our localization to the universal (integral) homological localization functor due to P Vogel and J Levine.
We remark that, in the context of linear algebraic groups, C Miller and R Hain have defined a "relative solvable completion" [20, 10] . This notion differs from ours. It is related to the lower-central series of the commutator subgroup. In particular, it is not invariant under homological equivalence. We also note that, subsequent to our work, Jae Choon Cha has shown that our G is not the "initial functor" satisfying (1) and (2) below and has identified the initial such functor [4] .
Theorem 5.1 For any group G there is a group G and a homomorphism f : G → G such that: Theorem 5.1 will be proved by directly constructing an n-solvable version of G called G n and then setting G = lim ← − G n analogous to the construction of the Malcev/Bousfield completion. By way of further analogy, we will see that the torsion-free-solvable completion of a group N is obtained from the trivial group successive extensions by the tensor product of the modules
with appropriate skew fields. The torsion-free-solvable completion, G, and the individual groups (G/G (n) H ) will be seen to be invariant under rational homology equivalence. However, we have been unable to prove the result, which we expect is true, that our G n is initial in the appropriate sense (among functors satisfying the properties of Theorem 5.6. Without this fact, the analogy to the Malcev completion is incomplete. The problem seems to be a failure of functoriality (since the torsion-free-derived series is not fully invariant). The authors expect this to be repaired by the modifications of Remark 5.22.
Definition 5.2 A group A is n-torsion-free-solvable if A (n) H = 0 and is torsionfree-solvable if it is n-torsion-free-solvable for some integer n.
Note that any torsion-free-solvable group N is obtained from the trivial group by successive extensions by the torsion-free modules
. In particular, any such group is poly-(torsion-free-abelian).
Definition 5.3 (Compare [1, Section 12]) A collection of groups A n , n ≥ 0, and group homomorphisms f n , π n , n ≥ 0, as below:
compatible in the sense that f n−1 = π n • f n , is a torsion-free-solvable tower for A if, for each n, A n is n-torsion-free-solvable and the kernel of π n is contained in (A n ) Proof of Theorem 5.6 We construct such groups ( G n , f n ) recursively. Set G 0 = {e}. Suppose G i , π i and f i have been defined for 0 ≤ i ≤ n in such a way that Properties 1 n and 2 n are satisfied.
We first define G n+1 . Since G n is torsion-free-solvable it is poly-torsion-freeabelian so Z G n is an Ore domain as in Proposition 2.1. Thus K G n exists and is a Z G n − K G n bimodule. In particular K G n is a ZG − Z G n bimodule via f n : G → G n and so H 1 (G; K G n ) is defined and has the structure of a right Z G n -module. Let G n+1 be the semidirect product of G n with H 1 (G; K G n ). Then we have the exact sequence
Remark 5.7 This construction is precisely analogous to Bousfield's construction of the HQ-tower {f n : G → T n , n ≥ 0} for G, which goes as follows [1, Section 3.4] . Given f n : G → T n , let V n denote H 2 (f n ; Q). Then the fundamental class in H 2 (f n ; V n ) determines a central extension 1 −→ V n −→ T n+1 −→ T n −→ 1.
In our case, by analogy, given f n : G → G n , let K denote H 2 (f n ; K G n ) where we take into account the module structure. Now if we consider the exact sequence in homology for the pair (G, G n ) with coefficients in K G n , note that K ∼ = H 1 (G; K G n ) since H * ( G n ; K G n ) = 0. Then an extension of G n by K is determined as above. In fact we shall see in Lemma 5.9 that K is an injective Z G n -module implying that H 2 ( G n ; K) = 0, and thus that the semi-direct product is the unique such extension by K [13, page 189, VI Theorem 10.3].
Next we want to show that H 1 (G; K G n ) is a uniquely divisible Z G n -module. H . If C is a uniquely divisible n-torsion-free-solvable group then B is a uniquely divisible (n + 1)-torsion-free-solvable group.
Lemma 5.8 If R is a right Ore Domain then a torsion-free right R-module M is (uniquely) divisible if and only if it is a (uniquely) injective module (by
isomorphism A n+1 ∼ = B n+1 as long as n + 1 ≤ m. By the Five Lemma it suffices to show that the modules H 1 (A; K A n ) and H 1 (B; K B n ) (modules over isomorphic rings) are isomorphic. But H 1 (A; K A n ) is completely determined by H 1 (A; Z[A/A J Levine defined the algebraic closure,f : G → G of a group G, unique up to isomorphism [18, page 574] . He pointed out that, if G is finitely presented, it coincides with a notion previously investigated by P. Vogel (see [17] ). Specifically, if X is a finite CW-complex with G = π 1 (X) then G is π 1 (EX) where EX is the Vogel localization of X . The Levine-Vogel algebraic closure is a universal (integral) homological localization in the following sense. If A is finitely generated, B is finitely presented and φ : A → B is a homomorphism that induces an isomorphism on H 1 (−; Z), an epimorphism on H 2 (−; Z), and such that B is the normal closure of φ(A), then there is an isomorphismφ : A → B . Moreover the algebraic closure is the "initial" group with this property. Since G also satisfies this property, we have a canonical map G have not been able to duplicate the full strength of our main theorem. However we can prove that G (n)
and that if φ : A → B is an epimorphism of groups which is rationally 2-connected then it induces isomorphisms A/A (n) * ∼ = B/B
(n) * for all n. The proofs of these results will appear in a subsequent paper.
